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Abstract In this paper, we define the primitivc/Scifcrt-fibcrcd property 
for a knot in S 3 . If satisfied, the property ensures that the knot has a 
Dehn surgery that yields a small Seifert-fibered space (i.e. base S 2 and 
three or fewer critical fibers). Next we describe the twisted torus knots, 
which provide an abundance of examples of primitive/Seifert-fibered knots. 
By analyzing the twisted torus knots, we prove that nearly all possible 
triples of multiplicities of the critical fibers arise via Dehn surgery on 
primitive/Seifert-fibered knots. 

AMS Classification 57M25; 57M27 

Keywords Dehn surgery, hyperbolic knot, Seifert-fibered space, excep- 
tional surgery 

1 Introduction 

Since all compact orientable 3-manifolds can be realized by Dehn surgery on 
a link in the 3-sphere [17, 25], considerable energy has been devoted to try- 
ing to understand Dehn surgery. Thurston showed that hyperbolic knots are 
ubiquitous. Moreover, he showed that only finitely many Dehn surgeries on a 
hyperbolic knot can be non-hyperbolic. For this reason, a non-hyperbolic Dehn 
surgery on a hyperbolic knot is called an exceptional surgery. 

A small Seifert-fibered space is a Seifert-fibered space with base space S 2 and 
at most three singular fibers. If Thurston's geometrization conjecture for 3- 
manifolds is true, then any exceptional surgery must either contain an essential 
sphere or torus, or be a small Seifert-fibered space. Much is known about 
toroidal exceptional surgeries, while the cabling conjecture [14] would imply 
that no hyperbolic knot has a Dehn surgery manifold with an essential sphere. 

Until recently, relatively little was known about small Seifert-fibered exceptional 
surgeries except when the surgered manifold has finite fundamental group. In 
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this case, known results include the knot complement theorem and the cyclic 
surgery theorem [15, 9]. Boyer and Zhang have proved theorems which limit 
the behavior of the slopes of more general types of finite surgeries [5]. 

One result on exceptional surgeries that does apply to small Seifert-fibered 
Dehn surgeries with infinite fundamental group is the 2n theorem of Gromov 
and Thurston (see [3]). The theorem implies that there can be at most 24 non- 
negatively curved Dehn surgeries on a hyperbolic knot. Since Seifert-fibered 
spaces are known not to be negatively curved, there can be at most 24 Seifert- 
fibered Dehn surgeries on a hyperbolic knot. Recently Agol [1] and Lackenby 
[16] have improved the 2ir theorem. In particular, Agol showed that there are 
at most twelve surgeries on a hyperbolic knot that are either reducible, toroidal, 
or Seifert-fibered. 

The first known examples of small Seifert manifolds arising from Dehn surgery 
on hyperbolic knots were given by [13]. Berge has a construction which produces 
families of knots with lens space Dehn surgeries [2]. Many of these knots are 
hyperbolic. It is an open question whether or not the Berge knots include all 
knots with lens space Dehn surgeries. Berge has explicitly described the knots 
which arise from his construction. 

Various examples of small Seifert-fibered Dehn surgeries have been given by 
Bleiler and Hodgson [3], Eudave-Muhoz [12], Boyer and Zhang [5], and Miyazaki 
and Motegi [20]. 

The Bleiler-Hodgson and Boyer-Zhang examples arose in trying to understand 
exceptional surgeries with finite fundamental groups. The examples of Eudave- 
Muhoz were constructed as examples of hyperbolic knots with toroidal Z/2 
surgeries. Eudave-Muhoz showed that these knots often have small Seifert- 
fibered surgeries as well. 

The work in this paper is the author's thesis, together with generalizations 
and improvements of those results. Since then much interesting and significant 
related work has been completed, in particular [11] and [18]. 

The author would like to thank his thesis adviser, Cameron Gordon, for many 
helpful suggestions and enlightening conversations as this work progressed. 

1.1 Hyperbolic Knots with small Seifert-fibered surgeries 

In this paper we describe a new construction of knots with small Seifert- 
fibered Dehn surgeries. Knots that arise from the construction are called 
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primitive/Seifert-fibered knots. The construction is a generalization of Berge's 
construction of knots with lens space Dehn surgeries. We will sometimes abbre- 
viate primitive/Seifert-fibered as P/SF; and use SSFS for small Seifert-fibered 
space. 

In Section 2, we describe the primitive/Seifert-fibered construction and we show 
that a primitive/Seifert-fibered knots is guaranteed to have a small Seifert- 
fibered Dehn surgery, or one that is the connected sum of two lens spaces. 
According to the cabling conjecture, the latter possibility would not arise from 
any hyperbolic knot. To show that non-trivial examples exist, we demonstrate 
how the slope 2/1 and slope 3/1 surgeries on the twist knots conform to the 
P/SF construction. 

While there are other primitive/Seifert-fibered knots, we focus in this paper on 
those that are twisted torus knots, a notion that we define in Section 3. While 
only certain twisted torus knots are primitive/Seifert-fibered, those that are 
provide a rich set of examples of the phenomenon, and the author has explored 
their structure in some detail. Group theoretic properties of certain canonical 
embeddings of twisted torus knots on a genus two Heegaard surface are also 
developed in Section 3. As a corollary of this work, we show that any possible 
one-relator presentation of the group (x, y \ x m y n ) can be realized geometrically 
(i.e. by adding a 2-handle to a handlebody of genus two). 

These properties are exploited in Section 4 to classify those P/SF twisted torus 
knots that are middle Seifert-fibered, a notion that is defined in Section 3.4. 
After classifying the primitive/middle-Seifert-fibered twisted torus knots, the 
multiplicities of the critical fibers are calculated for the SSFS arising from Dehn 
surgery for each such knot. 

Finally, in Section 5 we show that, as measured by the multiplicities of their 
critical fibers, many small Seifert manifolds can be realized by Dehn surgery on 
these knots. In particular, we have the following result. 

Theorem For any triple of integers (fii, fi2, ^3) with gcd(/ii,/i2) = 1, there 
is a non-torus knot with a small Seifert-fibered Dehn surgery with these multi- 
plicities. 

Many of the knots (described in section 5) used to prove this theorem are known 
to be hyperbolic, and we expect that all of them are hyperbolic. A similar result 
appeared in [10] with the added restriction that — ^2] > 1- The improved 
result has also been obtained by Miyazaki and Motegi using the examples in 
[20] discussed below. Moreover, Miyazaki and Motegi have shown their knots 
to be hyperbolic. 
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Of the known example of knots with SSF surgeries, many have been shown 
to satisfy the P/SF construction (including those in ([12] and [20]). Recently, 
Mattman, Mizaki, and Motegi showed [18] that there is a hyperbolic knot with a 
small Seifert-fibered Dehn surgery that does not arise via the primitive/Seifert- 
fibered construction. 



2 Primitive/Seifert-fibered Knots 

In this section we will describe a way to construct knots in S 3 that have a Dehn 
surgery that is a Seifert-fibered space with base S 2 and three or fewer critical 
fibers. The construction is a generalization of Berge's construction of knots 
with lens space Dehn surgeries [2]. From the definition of the construction, it is 
not clear that any nontrivial non-Berge examples arise, hence we will describe a 
simple family of nontrivial examples that arise from the construction. We begin 
with the definitions of some relevant concepts. We will consider only orientable 
3-manifolds throughout. 

2.1 Knots in separating surfaces, the surface slope, and 2-handle 
addition 

We begin by defining the notion of 2-handle addition for a 3-manifold with 
boundary. 

Definition 2.1 Let 7 be a simple closed curve in the boundary of a 3-manifold 
M , and let A be a regular neighborhood of 7 in dM . Then M LU (D 2 x I) is 
the result of 2-handle addition along 7, where A and 3D 2 x / are identified. 

Next we define the surface slope for a knot contained in a surface in a 3-manifold, 
and show how Dehn surgery at this slope is related to 2-handle addition when 
the surface is separating. 

Notation M(K, 7) denotes the manifold obtained from Dehn surgery on K 
with slope 7. N(K) is a regular neighborhood of a knot K . 

Definition 2.2 If K is a knot embedded in a surface F in a 3-manifold then 
the isotopy class in dN(K) of the curve(s) in dN(K) n F is called the surface 
slope of K with respect to F . 
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Lemma 2.1 Let K be a knot contained in a separating surface F in a 3- 
manifold M , i.e. M = VUpV , and let 7 be the surface slope of K with respect 
to F. Then M(K, j)=WUpW where W (resp. W) is obtained from V (resp. 
V) by attaching a 2-handle along K, and F = (F - N(K)) U {D 2 x {0, 1}) . 

Proof Let A (resp. A') be the annulus d{N(K))r\V (resp. d(N(K))nV ),and 
let ci and C2 be their (shared) boundary curves. Denote the Dehn surgery solid 
torus by U, and let h : dU -> d(S 3 - N(K)) be the attaching map for the Dehn 
surgery. 




Figure 1: Surface slope Dehn surgery 



Since we are considering surface slope Dehn surgery, the curves h 1 (ci) and 
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h~ l (c2) bound disks D\ and Di in U. We may cut the Dehn surgered man- 
ifold along (F — N(K)) U Di U D 2 . The resulting pieces (see Figure 1) are 
homeomorphic to 

W = VU K 2-handlc 

and 

W' = V'U K 2-handle. □ 

2.2 Special elements in a free group and curves on handlebodies 

Let G a fi denote the group (x,y\x a y b ). When a and b are coprime this group 
is the fundamental group of the (a, b) torus knot. More generally, G a ^ is 
the fundamental group of a Seifert-fibered space over the disk with two critical 
fibers of multiplicity a and b. Recall that a basis for a free group is a set of 
elements that freely generates the group. 

Definition 2.3 An element in a free group is primitive if it is part of a basis. 

Definition 2.4 An element w in the free group on x and y is (a, b) Seifert- 
fibered if (x,y\w) = G at b for integers a and b both non-zero. 

Note that a primitive element in (x, y) is Seifert-fibered. 

Let 7 be a simple closed curve contained in the boundary of a genus two han- 
dlebody H . Since 7 represents an element (defined up to conjugacy) of m(H), 
which is a free group of rank two, we say that 7 is primitive with respect to H 
if it represents a primitive element in m (H) . We define Seifert-fibered simple 
closed curves on the boundary of a genus two handlebody similarly. 

The following lemma establishes the link between Seifert-fibered curves on a 
genus two handlebody and Seifert-fibered spaces. 

Lemma 2.2 Let 7 be a curve in the boundary of a genus two handlebody H 
that is (a, b) Seifert-fibered with respect to H . Then the manifold M obtained 
by adding a 2-handle to H along 7 is a Seifert-fibered space over D 2 with two 
critical fibers of multiplicities a and b. In particular, 

M = D 2 x S 1 O a or b equals 1 <3> 7 is primitive. 

Proof The fundamental group of M is G aj &, which has a non-trivial center. 
M is irreducible and Haken, hence by [24], is a Seifert-fibered manifold. It 
is known that a Seifert-fibered manifold with such a fundamental group is a 
Seifert-fibered space with base space a disk and critical fibers of multiplicity a 
and b. By considering when G a ^ is isomorphic to Z, the last part follows. □ 
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2.3 Primitive/Seifert-fibered knots 

Putting the these definitions and lemmas together, we describe a property of 
a knot that ensures that the knot will have a Dehn surgery that is a small 
Seifert-fibered space or a connected sum of two lens spaces. 

Definition 2.5 Let K be a knot contained in a genus two Heegaard surface 
F for S* 3 , that is, S 3 = H UfH' , where H and H' are genus two handlebodies. 
Then K is primitive/ Seifert-fibered with respect to F if it is primitive with 
respect to H and Seifert-fibered with respect to H' . 

Proposition 2.3 If a knot K in S 3 is primitive/ 'Seifert-fibered with respect 
to a genus two Heegaard surface, then Dehn surgery at the surface slope is 
either a small Seifert-fibered space or a connected sum of two lens spaces. 

Proof By Lemma 2.1 and Lemma 2.2, the Dehn surgered manifold is the union 
along a torus of a Seifert-fibered space over the disk with at most two critical 
fibers and a solid torus. Thus surface slope Dehn surgery on a primitive/Seifert- 
fibered knot results in a manifold that is a Dehn filling of a Seifert-fibered space 
over the disk with two critical fibers. 

Since any non-meridinal simple closed curve on the boundary of a solid torus 
can be extended to a Seifert fibration of the solid torus, only one Dehn filling 
on such a Seifert-fibered manifold may fail to be Seifert-fibered. This occurs 
exactly when the slope is an ordinary fiber. For any other filling, a new critical 
fiber appears with multiplicity equal to the algebraic intersection number of 
the slope with the ordinary fiber. So for any Dehn filling but one, the resulting 
manifold is a Seifert-fibered space over the sphere with at most three critical 
fibers, i.e. a small Seifert-fibered space. 

A Seifert-fibered space over the disk with two fibers is the union of two solid tori 
glued along an annulus. When each fiber is non-trivial, this annulus intersects 
a meridian of each solid torus algebraically more than once. A curve parallel 
to the annulus is an ordinary fiber. When a solid torus is attached with slope 
equal to the ordinary fiber, the resulting manifold can be cut apart into two 
solid tori, each with a 2-handle attached along a curve which intersects the 
meridian more than once algebraically. Thus each piece is a punctured lens 
space, so the manifold is a connected sum of two lens spaces. □ 

Boileau, Rost, and Zieschang have classified those curves 7 on the boundary of 
an abstract genus two handlebody H that are Seifert-fibered [4]. An embedding 
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of such a pair (H, 7) into S* 3 such that H is unknotted and 7 is primitive with 
respect to S 3 — H would give a P/SF knot. However, it would be difficult 
to consider all possible unknotted embeddings of such pairs, and to determine 
which are primitive on the "outside" handlebody. 

Remarks 

• According to the cabling conjecture, only cabled knots have reducible 
Dehn surgeries [14]. In particular, the conjecture implies that a hyperbolic 
primitive/Seifert-fibered knot would always have a small Seifert-fibered 
surgery. 

• One could define a knot to be primitive/Seifert fibered in any 3-manifold 
of Heegaard genus less than or equal to two and the proposition would 
hold. 

• When the knot is primitive/primitive {doubly primitive), a lens space 
results from the surface slope Dehn surgery (this is Berge's construction 
mentioned above). 

• Surface slope Dehn surgery on a doubly Seifert-fibered knot results in the 
union along a torus of two Seifert manifolds over the disk, each with two 
critical fibers. Such a manifold is either a graph manifold or a Seifert 
manifold with base S 2 and four critical fibers. No example is known of a 
hyperbolic knot with a Dehn surgery of the latter type. However, there 
are satellite knots with such Dehn surgeries [19]. 

Note that any primitive/Seifert-fibered knot has tunnel number 1. In fact, any 
knot that is primitive with respect to one side of a genus two Heegaard surface 
has tunnel number 1. This is true since, by [26], there is a homeomorphism of 
the handlebody after which the knot K appears as in Figure 2. If one pushes K 




Figure 2: Primitive on one side implies tunnel number one 



slightly into the handlebody, removes a regular neighborhood of K , and then 
removes an appropriate tunnel t, then what remains in the handlebody is the 
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product of a surface and an interval (see Figure 2). Thus the complement in 
S 3 is a handlebody, so the knot has tunnel number 1. 

It is not clear from the definition of a primitive/Seifert-fibered knot whether any 
non-trivial examples exist. We do not consider torus knots that arise from the 
construction to be interesting since Dehn surgery on torus knots is completely 
understood. Berge's work shows that, in fact, there are a plethora of interesting 
knots that are doubly primitive, many of which are known to be hyperbolic. 
In the next section we discuss a simple family of well-known hyperbolic knots, 
each of which has small Seifert-fibered Dehn surgeries at slopes 1,2, and 3. We 
show that the slope 2 and 3 surgeries conform to the primitive/Seifert fibered 
construction. 

2.4 The Twist Knots 

One of the simplest families of knots is the twist knots, which are obtained 
from the Whitehead link by performing a 1/n Dehn surgery on one of the 
components. In this family of knots K n , indexed by the integers, only the 
unknot and the trefoil are non- hyperbolic. The hyperbolic twist knots (n 7^ 
0, —1) each have exceptional surgeries that are small Seifert-fibered spaces for 
the slopes 1, 2, and 3. Each twist knot has a toroidal surgery at slopes and 4. 
The Figure eight is amphicheiral, hence it has small Seifert-fibered exceptional 
surgeries at all six slopes ±1,±2,±3, and toroidal exceptional surgeries at 
slopes and ±4. In [6], it is proved that these are the only exceptional surgeries 
for (hyperbolic) twist knots. In fact, they show that the twist knots are the only 
two-bridge knots (except for the (2, n) torus knots) that have any exceptional 
surgeries. 

In this section we show that the slope 2 and 3 small Seifert-fibered surgeries 
on each twist knot can be realized as examples of the primitive/Seifert-fibered 
phenomenon. We do not know whether or not the slope 1 surgery can be 
realized by the primitive/Seifert-fibered construction. 

For slopes 2 and 3, and each integer n, we must exhibit an embedding of the 
twist knot K n on a genus two Heegaard surface F in S 3 with this surface 
slope such that K n is primitive/Seifert-fibered with respect to F . The 2-bridge 
picture in Figure 3 will allow us to do this. 

Each twist knot K n can be realized by adding n full twists to the annulus A. 
Note that the way we have indexed the twist knots, K\ is the figure-eight knot, 
while K—i is the right-handed trefoil. Performing Dehn twists on the annulus 
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A' does not change the knot type of K n , but it does change the surface slope. 
Let K n j denotes the embedding of K n in the Heegaard surface F for 5 3 with I 
Dehn twists about A' . A calculation shows that the surface slope of K n j equals 
2 + 1. To calculate this surface slope, check that a full twist on the annulus A 
contributes zero to the surface slope. 

We will use the oriented disk system D\ , D2 corresponding to generators a 
and b for tti(H), and corresponding to generators x and y for iri(H'). 

Note that no matter what the value of n or I, K n j represents ab in tt\ (H) ; 
hence it is primitive with respect to H . 

Let w n j be the conjugacy class of K n j in ni(H'). Then a direct calculation 
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shows that w n> i = x + yx n y x n y. 

Now we consider surface slope 2. By the calculations above, K n $ has surface 
slope 2 with respect to F, and w n fi = x 2n+l yx~ 2n y . Applying the automor- 
phism of (x,y) which sends x~ 2n y to y and fixes x sends io n ,o to x An+1 y 2 . 
Thus K n fi is (2, An + 1) Seifert-fibered with respect to H' . 

Similarly, note that K n ^\ has surface slope 3, and u; n ,i = x 2n+1 yx~ n yx~ n y . 
Using the automorphism of (x,y) that fixes x and sends x~ n y to y, we see 
that K U: i is (3, 3n + 1) Seifert-fibered with respect to H' . Thus, we have 
shown that the slope 2 and slope 3 small Seifert-fibered Dehn surgery on each 
twist knot can be "explained" by the primitive/Seifert phenomenon. 

3 Twisted Torus Knots 

Many examples of primitive/Seifert-fibered knots can be found among the 
twisted torus knots, which we define in this section. The simplest twisted 
torus knots are obtained by adding a full twist to some parallel strands of a 
torus knot. 

Not all twisted torus knots are primitive/Seifert-fibered. In this section, we 
develop criteria to determine when a twisted torus knot is primitive or Seifert- 
fibered with respect to either side of its canonical Heegaard surface. This in- 
volves a detailed analysis of the homotopy class of the twisted torus knot in 
each handlebody of the Heegaard splitting. 

3.1 Definition and Basic Properties 

Let r be an unknotted solid torus contained in B 3 , the closed 3-ball, with dr 
intersecting dB 3 in a 2-disk D r . Let u and A be a meridian-longitude basis 
for dr. Let L be a (p, q) torus link contained in dr that intersects the disk D r 
r times as in Figure 4, where < r < p + q (in the figure, p = 3, q = 8, and 
r = 7). The torus tangle T(p,q) r is formed from L by removing the strands 
of L (~l D r . Thus T(p,q) r is an r-string tangle in B 3 that is contained in a 
standard punctured torus (namely dr — D r ) that is properly embedded in B 3 . 

Note that a tangle T(rp, rq) r with (p, q) = 1 is comprised of r parallel strands 
on the punctured torus dr — D r , each of which is a T(p,q)\ tangle. Since 
T(rp,rq) r is simply r parallel copies of T(p,q)i, we will denote these torus 
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tangles by rT(p, q). For convenience, we define 0T(p, q) to be the torus tangle 
with no strings. 

A consistent choice of orientations for the components of the original torus link 
L induces an orientation on the strings of T(p,q) r . We may form links that 
are canonically embedded on a genus two Heegaard surface in S 3 by gluing 
together two such torus tangles so that the orientations of the strings match 
up. 

Definition 3.1 The twisted torus knot T(p, q)+rT(m, n) is obtained by gluing 
together the tangles T(p, q) r and rT(m, n) as described above, where < r < 
V + Q ! (p, q) = ( m ) n ) = 1 ) an d p,q,m > . 

The construction must result in a knot (i.e. one component) since the rT(p, q) 
tangle preserves the gluing pattern of the strings in the original torus knot. 

Informally, the twisted torus knots are those knots obtained by splicing together 
a torus knot and a torus link with r components along r parallel strands on 
each torus. We will consider the canonical Heegaard surface to be part of the 
structure of a twisted torus knot. 

Next we calculate the surface slope for a twisted torus knot. This is the slope 
at which a small Seifert-fibered surgery may arise. 

Proposition 3.1 The surface slope of T(p, q) + rT(m, n) with respect to the 
Heegaard surface described above is pq + mnr 2 . 

Proof Because the "surface slope" of an (a, b) torus link is ab, each torus tan- 
gle T(a, b) r contributes ab to the surface slope. The sum of these contributions 
is pq + mnr 2 . □ 
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Figure 5: The twisted torus knot T(7, 2) + 3T(1, 1) 



3.2 Calculating w VA . r ^ n 

Now we provide an algorithm to calculate the conjugacy class of a twisted torus 
knot in the fundamental group of the handlebody H . The algorithm will be 
used extensively in what follows, and it yields some useful symmetry properties 
of these conjugacy classes. 

Let w Pt q^ r ^ m ^ n and w' q r m n be the conjugacy class of the twisted torus knot 
K = T(p,q) + rT(m,n) in tti(H) and wi(H'), respectively. When any of 
the values of p, q, r, m, or n are apparent or irrelevant, we will omit those 
subscripts. 

In the following lemma, we use the disks D\ and D2 in Figure 6 to provide a 
basis x, y for tti(H). Similarly, the disks D[ and D' 2 in Figure 6 describe a 
basis x' , y' for tti(H') . Note that, with this choice of bases, the exponents of a 
particular basis element in either w or w' always have the same sign, hence no 
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cancellation can occur. The disks D\ , D2 are distinct from the attaching disk 
D r (defined earlier), which in Figure 6 is the rectangular base of the "mailbox" 
that contains rT(m, n) . 




Figure 6: Bases for tt\(H) and wi(H') 



Lemma 3.2 Let p, q, r, m, and n be as in definition 3.1. Write r = f + ap, 
where < f < p and a > . The following algorithm calculates w p ^ r ^ m ^ n with 
respect to the basis x, y described above. 

Mark p points 1,2, ...p consecutively around a circle. Start at 1, and jump 
forward q points. After each jump, record either x ^ a+1 ^ m y or x am y depending 
on whether or not the initial point of the jump was between 1 and f . After 
exactly p jumps, we will have returned to 1 , the starting point. The resulting 
word in x and y is w p>q . r ^ m>n . 

Proof Let r be the solid torus whose boundary contains T(p, q) r (in Figure 
6, r is the large doughnut containing the tangle T(7, 2)3). In order to calculate 
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w, it is convenient to isotop rT(m,n) (which is contained in the "mailbox" in 
Figure 6) so that the attaching disk D r runs in the meridinal direction of dr. 
Figure 7 illustrates how this isotopy can be realized (the figure illustrates the 
case in which p = 3, q = 8, and r = 7). Now write r = f+ap, where < r < p 
and a > 0. After the isotopy, observe that D r wraps around dr a complete 
times in the meridinal direction (intersecting the underlying (p, q) torus knot 
ap times), then intersecting it f additional times. In Figure 7, a = 2 and 
f = 1. 




X 



Figure 7: Isotoping D r along the meridinal direction 

Now we look at the final frame of Figure 7 and use it to read off w . Start by 
numbering the intersections of K with \x = dDi from 1 to p (as in Figure 7). 
Then travel along K recording all intersections with dD\ as x and dD-2 as y. 
Observe that each time K intersects the disk D r entails one trip along a single 
strand of the tangle rT(m, n) , which results in m consecutive intersections with 
D\ (hence gives x m ). Note also that each numbered path leaving \i intersects 
D r either a or a + 1 times before returning to rt (contributing either x am y 
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or x ( a+lS}m y to to). The numbered paths hit D r (a + 1) times exactly when 
the starting point has number less than or equal to f . Putting this information 
together yields the algorithm described in the lemma. □ 

Remarks We have described how to calculate the conjugacy class of the knot 
with respect to the "inside" handlebody H . For the "outside" handlebody H' , 
the word w' p q r m n that T(p, q) + rT(m, n) represents in H' with respect to the 
basis x', y' pictured in Figure 6 is equal to u^ iPi r,n,m with x replaced by x' and 
y replaced by y' . Thus, any result involving w implies an analogous result for 
w'. 

Definition 3.2 For g and h in a group G, we say g is equivalent to h (and 
write g = h) if there is an automorphism of G carrying g to h. 

Lemma 3.3 The words w VA . r ^ m . a enjoy the following properties: 

(1) iUp, ? ,r,m,n does not depend on n (hence we often omit the n ). 

(2) w P:q , r , m = w Pjq > jr>m if q = ±q' mod p 

(3) w VA , r , m = Wp, g , r ', m if r = ±r' mod p 

Proof The algorithm described above for calculating w Pi<?i r,m,n does not in- 
volve n so the first claim is clearly true. Modifying q by adding a multiple of 
p obviously has no effect on w. Changing the sign of q results in a conjugate 
of Wp^r^m, so the second claim is proved. 

To prove the third claim in the lemma, recall that the elements in tti(H) that 
arise in calculating w are x^ a+1 ^ m y and x am y. The automorphism defined by 
x ' ^ x and y i— ► x~ am y carries x ^ a+is,m y to x m y and x am y to y. This shows 
that Wp^r tm = w ps ^,m (as before, f is the remainder of r when divided by p). 

There is a similar automorphism of (x, y) that has the effect of interchanging 
x am y and x^ a+1 ^ m y, namely x i— > x' 1 and y \— > x ( 2a+1 ) m y This shows that 
w P ,q,r,m = w v , q , v -f,m , so the lemma is proved. □ 

3.3 Primitivity of Twisted Torus Knots 

We develop a simple criterion for determining whether or not a twisted torus 
knot is primitive with respect to either handlebody of its canonical Heegaard 
splitting. Since this only depends on w Ptq ^ r ^ m ^ n , we focus on these elements of 
the free group on two generators. 
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We will use the following necessary condition for primitivity in the proof of the 
next theorem. Up to cyclic reordering and the automorphism that interchanges 
x and y, a primitive word in the free group on x and y with positive exponents 
has one of the following regular forms [7]: 

• x l y, 

• x ll yx l2 y . . . x lk y where {/j} = {e, e + 1} for some positive integer e. 

Remarks The converse is not true. For example, xyxyx 2 yx 2 y is in regular 
form, but the fact that it is equivalent to x 2 y 2 under an automorphism of {x, y) 
shows that it is not a primitive element. 

Theorem 3.4 w v ^ T ^ m is primitive if and only if 

(1) p=l;or 

(2) m = 1 and r = ±1 or ±q mod p. 

Proof If p = 1 then w is obviously primitive since it has the form x l y. From 
now on we assume p > 1 . 

If r = then w is a primitive element raised to the pth. power. Since p > 2, 
clearly w is not primitive. Henceforth we assume that r > 0. 

Now we show that if p > 1, r > 0, and m > 1 then w is not primitive. If 
a = 0, then the fact that r / and m > 1 implies that w contains powers of 
both x and y that are greater than 1 , so w has no regular form. If a > then 
the exponents of x differ by m, which is greater than 1, so to has no regular 
form. 

What remains is the main case — when p > 1 , r > 0, and m = 1 . By lemma 3.3 
we may also assume that r < p and 1 < q < p/2. Thus a = 0, so our "building 
blocks" x ^ a+is,m y and x am y simplify to xy and y. For the remainder of this 
proof we apply to w the automorphism xy *— > x and y >— ► y of tti(H) = (x, y) . 
We will divide the rest of the proof into the following four cases. 

Case 1 1 < r < q 

Claim 1 For 1 < r < q, the exponent of each power of x in w is one. However, 
the set of exponents of y that appear in w contains integers that differ by more 
than one, so w has no regular form, hence cannot be primitive. 
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Recall our algorithm for calculating w Ptq ^^ m . Since 1 < r < q < p/2, each trip 
around the circle encounters at most one x and at least one y. This implies 
that w has the form xy ai . . . xy ar where each a% is a positive integer. 

We define a to be the smallest number of jumps required for any element of 
{1, . . . , r} to return to {1, . . . , r}. That is 

a = min min{j : (a + jq) mod p € {1, . . . , r}} 

ae{l,...,r} jeN 

By the comments above, a > 2. In addition, a — 1 is the smallest exponent of 
y that appears in w as a cyclic word. In particular, up to cyclic reordering, w 
has a subsequence of the form xy a ~ 1 x. 

Choose E £ {l,...,r} that realizes the initial element for a, and let G be 
the element in {1, . . . , r} to which it returns first (thus G = E + aq mod p). 
S ^ 9 since r > 1. 

Suppose G < E . Consider the following sequence mo&p 

S-G^S-Q + g^...h^S-G + (Tg^S-Q + (CT + 

By construction, the first term is in {1, . . . ,r}. By the minimality of a, the 
next a — 1 terms cannot be in {1, . . . , r}. The next term, E — G + aq, equals 
modulo p by the definition of G, and the last term is not in {1, . . . , r} since 
q > r and q < p/2. Thus we have a subsequence in w of the form xy a+1 , one 
of the form xy a ~ 1 x, and all exponents in w are positive. Thus, when Q < E, 
we have shown that w satisfies the claim, and cannot be primitive. 

When G > E , we consider a sequence similar to the one above that begins with 
the term (r + 1) — (G — E) . The same type of analysis again shows that there 
is a subsequence of the form xy a+1 , so we conclude that w is not primitive. 

Case 2 q < r < p — q 

Claim 2 When q < r < p — q , w is a word in (x,y) with positive exponents 
such that there is an exponent of both x and y that is greater than one. Thus 
no combination of conjugation and interchanging x and y will put w in regular 
form, so w can not be primitive. 

Since q is less than r, at least two x terms in a row are obtained on the first 
trip around the circle. Similarly, since q < p — r, when the point lands on 
r + 1 , the next point hit is less than or equal to p , so at least two y terms are 
obtained. 
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Case 3 p — q < r < p — 1 

w is not primitive by case 1 and the symmetry described in Lemma 3.3. 
Case 4 r = 1, q, p — q, or p — 1 

When r = 1, w = xy k for some integer k, so w is primitive. When r = q, 
w p,q,q,i is exactly the word in (x,y) described in [22], where it is proved to be 
the unique primitive element (up to conjugacy) in (x, y) with abelianization 
(r, p — r) . By Lemma 3.3, w is also primitive when r=p— lorr=p — q. □ 

3.4 Which Wp^r^m are Seifert-fibered? 

Here we give criteria which allow one to determine to a great extent which 
w Pt q : r,m are Seifert-fibered. In particular, Propositions 3.6, 3.8, and 3.10 de- 
scribe three circumstances in which w is Seifert-fibered. These three types 
of Seifert-fibered elements are summarized in Tablel at the end of this sec- 
tion. Moreover, we conjecture that the three types describe all w p ^ r ^ m that are 
Seifert-fibered. 

First we state some results concerning presentations of the groups 

G a ,b = (x,y \x a y b ). 

Consider two sets of conjugacy classes of elements wi,...Wk and , . . . , w' k in 
a free group F . The two sets of conjugacy classes are Nielsen equivalent if F has 
an automorphism mapping each Wi to a conjugate of w[ (where the conjugating 
factor depends on i). Two presentations (Si,...,S n \ Ri(S), . . . Ri(S)) and 
(Si,...,S n | R'i(S), . . . R'i(S)) are Nielsen equivalent if the set of conjugacy 
classes Ri(S), . . . Ri(S) is Nielsen equivalent to i?' 1 (S') ±1 , . . . ^(S') ±1 in the 
free group {Si,...,S n }. 

Work of Zieschang and Collins completely determined the Nielsen equivalence 
classes of 1-relator presentations of the groups G a ^ [27, 8]. Let v s> t(x,y) be the 
unique primitive element up to conjugacy in (x, y) with (s, t) as its abelianiza- 
tion (see above and [22]). If u and u' are elements of (x,y), then let v St t(u,u') 
denote the conjugacy class in (x, y) obtained by substituting u for x and u' 
for y in v St t(x,y). Then the following are the Nielsen equivalence classes of 
one-relator presentations of the groups G a ^ : 

(x,y\v a ,k( X ^y b )) 

(x,y\vi, b (x a ,y)} 
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where (k,a) = (I, b) = 1, < 2k < a, and < 21 < b. Note that larger values 
of k or I still yield a valid (but redundant) presentation of G a ^ . This provides 
a characterization of the Seifert-fibered words in (x, y) . 

First we need a lemma which shows that the elements Wp, 9 ,r,i are the prototypes 
for all the 

^p,5,r,m • The lemma follows immediately from the algorithm already 
given for calculating w p ^ r ^ m ^ n . For the rest of this section we may assume, as 
usual, that 1 < q < p/2 and 1 < r < p. 

Lemma 3.5 Let a m be the endomorphism of (x, y) given by x *—> x m and 
y^y. Then w P:q . r . m = amf^^i). 

Proposition 3.6 If Wp^^i is primitive then w Ptq ^ r ^ m is (m,p) Seifert-fibered. 

Proof In our original choice of basis for tti(H), the abelianization of w p ^ r ,\ 
is (r,p). By lemma 3.5, and the characterization Seifert-fibered words above it 
is immediate that w p ^ q . r . m = B.m{wp,q,r,i) is { m iP) Seifert fibered. □ 

Corollary 3.7 All 1-relator presentations of the groups G a ^ can be realized 
geometrically, i.e. as the obvious 1-relator presentation of m for a 3-manifold 
obtained by adding a 2 -handle to a handlebody of genus 2. 

This Corollary appears (implicitly) in [4]. 

Proposition 3.8 For any integer (3 such that 1 < j3 < p/q, w p ^ q ^ q ^ and 
Wp,q,p-/3q,i are (fliP — Pq) Seifert-fibered. 

For the rest of this section, in describing we will use the basis for tti(H) 

described before Case 1 in the proof of Theorem 3.4. 

Before we begin the proof of Proposition 3.8, we give an alternate description 
of the words Wp i(?i r,i- We may divide up the interval [0,p) in R into q intervals 
[ip/q, (ip + r)/q), and q intervals [(ip + r)/q, (i + l)p/q), where < i < q — 1 
in each case (as in Figure 8) . Note that every integer from to p — 1 falls into 
a subinterval of the first type or of the second type. We label each integer that 
falls into one of the q subintervals in the first list by x and those that fall into 
one of the q subintervals of the second type by y (see Figure 8). Note that, 
depending on r, p, and q, a given subinterval might contain several integers 
(or none). We claim that reading off the sequence of x's and y's associated to 
the integers 0, 1, . . . ,p — 1 gives the word w Pj(?) r,i- We will use this description 
in the proof of the next proposition. 
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r-+-' ; E-=-H-' E [ 

r/q p/q (p+r)/q 2p/q (q-l)p/q ((q-l)p+r)/q qp/q 

Figure 8: Another description of w p ^ q , r _i 



To see why this agrees with the description we gave for w P) q^ r ,i in Lemma 3.2, 
consider the covering map p\ : R — > S 1 , given by identifying each real number 
u with u + p, and the g-fold covering map p% : S 1 —> S 1 given by u i— > 
Now consider the image of the points 0, 1, . . . ,p — 1 under the composite map 
pi°P\ : R — > S' 1 . Replace each integer j in the sequence 0, 1, . . . ,p— 1 with x or 
y depending on whether or not < (p2°Pi)(j) < t (here we use the coordinates 
[0,p) for Si, obtained from pi). Note that this condition for replacing each 
integer in 0, . . . ,p — 1 with x or y agrees exactly with that described in Lemma 
3.2, because we may think of j as representing the number of jumps taken (and 
the mapping p2 "executes" the jumps). Looking at (p2 Pi) _1 ([0, r)) gives the 
subintervals of the of the first type described above, while (p2°pi)~ 1 {[r,p)) gives 
the subintervals of the second type. Translating the condition < (p2°Pi)(j) < 
r to one concerning the (lifted) subintervals gives the description of w Pjq>r> i from 
the previous paragraph. 

We will also need the following easy lemma: 

Lemma 3.9 Suppose u = xy kl . . . xy hj is an element in (x, y) . Let u = 
X yki-l _ _ _ xy k i~ l . Then u = u; in particular, u is primitive if and only if u is. 



Proof of Proposition 3.8 In the case r = q we know from the last section 
that w Pj q : q : i = xy kl . . . xy kq is the unique primitive word (up to conjugacy) in 
(x,y) with abelianization (q,p — q). Each hi is greater than zero. Let (3 be an 
integer between 1 and p/q. Using the new description of the words t% i(Ji r,i given 
above, it is easy to see that changing r from q to (3q changes each exponent of 
x from 1 to (5, and subtracts (3 — 1 from each exponent of y. So if w pss ^i is 
as above, we have: 

Note that the abelianization of w P) q y p q) i is {(3q,p — (3q). 

By the previous lemma, and the observations above, w p ^p qt i is equivalent to 
the ((3,p — (3q) Seifert-fibered word y) . 

By symmetry, w Piq , p -p q ,i is also (f3,p — f3q) Seifert-fibered. □ 
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Next we describe a third type of Wp y q^ r ^ m which is Seifert-fibered. Let q be 
the smallest positive integer congruent to ig -1 modulo p. Then we have the 
following result, where { } denotes the least integer function. 

Proposition 3.10 For 1 < r < {p/q^ 1 }, w p ^ r ^ is (r,p— rq' 1 ) Seifert-fibered. 
By symmetry, so is w p ^ p - r ,i . 

Proof Recall the first method we described for computing Wr, i(? ,r,i involving 
the integers from to p — 1 arranged in a circle. We know that we start at 0, 
and return to only after p jumps of length q. Each time we land on a point 
between and r — 1, we record an x, while the other points result may. We 
may write u>p i(Ji r,i = xy k ° . . . xy kr ~ x , where the ki are non-negative integers. 
The exponents of y are the number of jumps required to return to the interval 
[0, r — 1] during the orbit. 

Consider the following congruences: 

joQ = mod p 
jiq = 1 mod p 

jr-iq = r — 1 mod p 

So ji = iq^ 1 mod p. If we take ji to be the smallest positive solution to the 
congruence, then ji is the minimum number of jumps of length q required to 
land on the point i, having started at 0. 

Sort the ji in monotonic order and reindex (if necessary) to reflect the new or- 
dering. This sorted list describes the total number of jumps that have occurred 
each time that the point lands in the interval [0, r — 1] during the orbit, having 
started at zero. The differences between consecutive ji give the exponents of y 
in w P) q y r,i, in particular: 

h = ji+i -ji-l 

where we consider the subscripts to be in Z r . 

The ji are already in monotonic order after being reduced modulo p exactly 
when 1 < r < {p/q^ 1 }- Thus ki = q" 1 — 1 for i = 0, . . . , r — 2 and 

AV-i =p - (r - - 1. 

Hence 

w P , q ,r,i = (xy^y-'xy^- 1 ^ 1 - 1 . 
Algebraic & Qeometric Topology, Volume 3 (2003) 



Small Seifert-fibered Dehn surgery on hyperbolic knots 



457 



type 


critical fibers 


w p ^r, m satisfying 


hyper 


(p, m) 


\m\ > 1, r = ±1 or ±q mod p 


middle 


(P,p-Pq) 


m = 1, r = ±/3q mod p, where 1 < (3 < p/q 


end 


(r,p — rq -1 ) 


m = 1, r = ±f modp, where 1 < f < {p/q^ 1 } 



Tabic 1: The three types of Seifert-fibered elements 



If we apply the automorphism defined by xy^ 1 i— » x and y y, we find 
that 

= x y ■ 

We conclude that, for 1 < r < {p/q -1 }, ^p,g,r,i is {r,p — rq -1 ) Seifert-fibered. 

□ 

Table 1 summarizes the three types of Seifert-fibered w p ^ r , m described in this 
section. We call the first type of Seifert-fibered w p ^ r ^ m hyper Seifert-fibered 
since they arise from a primitive twisted torus knot with one full twist (i.e. 
m = 1) by simply increasing the number of full twists. The remaining types 
have only one full twist. Since m = 1 for these types, we fix p and q, and 
consider the integers modp lined up from 1 to p. We must choose r mod p 
from these to make w Pt q jr ^ m ^ Seifert-fibered. The values of r are evenly spaced 
throughout this range for the second type, so they are called middle Seifert- 
fibered. The values of r are clustered at both ends for the third type so they 
are called end Seifert-fibered. 

4 Primitive/middle-SF Knots and Surgeries 

The results of the last section provide much information about which twisted 
torus knots are primitive or Seifert-fibered with respect to either handlebody of 
their associated Heegaard splittings. The first part of this section is devoted to 
identifying a large class of twisted torus knots that are simultaneously primitive 
on one side and Seifert-fibered on the other. 

In the previous section, the surgery slope and the multiplicities of two of the 
three critical fibers in the surgered manifold were calculated. In the last part 
of this section we determine the multiplicity of the third critical fiber. To do 
this, we will need to find a curve in dH — N(K) which becomes an ordinary 
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fiber in H Uk 2-handle (the latter is a Seifert-fibered space over D 2 with two 
critical fibers). 

Many twisted torus knots are doubly Seifert-fibered. As mentioned in section 
2.3, the latter must have Dehn surgeries that are graph manifolds or Seifert- 
fibered spaces with base S 2 and four critical fibers. An analysis like that in this 
chapter would determine which graph manifolds (and possibly Seifert-fibered 
spaces) arise from Dehn surgery on doubly Seifert-fibered twisted torus knots. 

4.1 Some primitive/Seifert-fibered twisted torus knots 

We use the criteria for recognizing primitive or Seifert-fibered twisted torus 
knots developed in the last section to find many twisted torus knots which are 
primitive / Seifert-fibered. 

Our goal is to show that primitive/Seifert-fibered knots are abundant in some 
sense. To do this, it is enough to focus on twisted torus knots formed using a sin- 
gle full twist (i.e. K = T(p, q)+rT(l, ±1) ), and we assume that r < max{p, q} . 
Within this class of twisted torus knots, we determine exactly which ones are 
primitive/midd/e-Seifert-fibered. A similar analysis could be carried out for 
primitive/end-Seifert-fibered and primitive/hyper-Seifert-fibered twisted torus 
knots. 

For convenience, we will write K(p,q,r,m,n) in place of T(p,q) + rT(m,n) . 
In particular, we will be focusing on the knots K(p, q, r, 1, e) , where e = ±1 . 

Without loss of generality, we may assume that K is Seifert-fibered with respect 
to H and primitive with respect to H' . We will not include the doubly primitive 
case, or any twisted torus knot that is obviously a torus knot (i.e. r = 1, p, or 
q;orq = 1). 



Theorem 4.1 The twisted torus knots K(p, q, r, 1, e) with r < max{p, q} and 
e = ±1 that are middle Seifert-fibered with respect to H and primitive with 
respect to H' are given by the following values of (p, q, r) : 





(p,q,r) 


satisfying 


1 


(p, q, 2q - p) 


P -^<q<P 


2 


(p,q,p-kq) 


Kq<l2<k<£f 


3 


(Is + I + 5, Is + 5, Is) 


s>2, l>2-5, 5 = ±1 


4 


(p, tp — l,tp — I — 1), where p = Is + I + 1 


s>2,l>\,t>2 


5 


(p, s + tp, s — 1 + tp), where p = Is — 1 


s > 3, I > 3, t > 1 
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Remarks Using the results of the previous section, it is easy to verify that 
each of the knots in the theorem is indeed primitive/middle-Seifert-fibered. 

Proof As usual, let q (f respectively) be the smallest positive integer congru- 
ent to q modulo p (r modulo p, respectively). Let q be the smallest positive 
integer congruent to ±q modulo p. 

Case 1 r = ±p mod q 

We show that the knots in 1 and 2 are the only possibilities. 

If q > p , then r < q. Thus r = ±p mod q implies that r = poxr = q— p. 
The first we ignore since it describes a torus knot, and the second because it 
describes a doubly primitive knot with respect to the given Heegaard surface. 

We consider the case q < p. Since K is middle Seifert-fibered, r = ±kq 
mod p for some integer k satisfying 1 < k < p/q. It is not hard to show that 
the integers that satisfy these conditions and r = ±p mod q have the form 
±kq ±p. Since we require r < max{p, q} the only possibilities are ±(kq — p). 

Now if q > p/2, then r = ±(kq — p) and p > r > imply that r = p — q or 
r = kq — p where k = 2 or 3. The former implies that K is doubly primitive, 
so we discard that solution. Since p > q> p/2 we have that q = p — q. Hence 
k = 2 gives a legitimate solution because 

r = 2q — p = 2{p — q) — p = p — 2q. 

In this case K is (2, 2q — p) Seifert-fibered (with respect to H). Since we 
discard any torus knot solutions, we require that q > (p + l)/2. These are the 
first class of knots described in the theorem. 

If k = 3 we have 

r = 3q — p = 3(p — q) — p = 2p — 3q. 

For K to be middle Seifert-fibered, we must have that either r = aq or r = 
p — aq for some integer 2 < a < p/q. This implies that either 2p = (a + 3)q 
or p = (3 — a)q. Since (p, q) = 1 the only possibilities are q = 1 or 2 in the 
first case and q = 1 in the second case. Since q = 1 or 2, there are only a few 
values of p for which r = 2p — 3q takes on values between 1 and p — 1 . Only 
one actual solution arises and it is doubly primitive. 

Now we consider q < p/2. As before, we have the possibilities r = ±(kq — p). 
If r = p — kq and 2 < k < (p — 2)/q then we get the second set of solutions 
described in the theorem. We show that no other values of r give solutions. 
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The remaining case is when r = kq — p and r = jq for some integer j . These 
equations imply that q\p. Since (q,p) = 1 this means that q must equal 1. 
Because q < p/2, q = q so we conclude that q = 1, hence the knot is a torus 
knot. 

Case 2 r = ±1 mod q 

We have described all primitive/middle- Scifert-fibered knots where the primi- 
tive side satisfies r = ±p mod q. Now we consider those whose primitive side 
satisfies r = ±1 mod q. When we find solutions for which p = ±1 mod q, 
they will necessarily have been described already since this overlaps with the 
case r = ±p mod q already studied. 

The following lemma explains the structure of those solutions in case 2 with 
q > p. 

Lemma 4.2 K(p, q, r, 1, e) is primitive /middle-Seifert- fibei -ed with q> p and 
r = ±1 mod q if and only if r = 1 or q — l and K(p, q,f,l, e) is primitive/mid- 
dle-Seifert-fibered. 

Proof of Lemma 4.2 Suppose that K(p, q, r, 1, e) is primitive/middle-Seif- 
ert-fibered. Since q > p, we know that 1 < r < q. Thus r = ±1 mod q 
implies that r = 1 or q — 1 . 

By the symmetries in Lemma 3.3, w p ^f,i = Wp )(? ,r,i , so K(p, q,f,l, e) is middle 
Seifert-fibered with respect to H . By Theorem 3.4, Wq, p ,f, e is primitive since 
f = 1 , or q — 1 . 

The reverse implication is similar. □ 

Since r = 1 corresponds to a torus knot, we will only consider solutions arising 
from the lemma with r = q — 1 . 

This lemma simplifies the remainder of our task. First we find all solutions with 
q < p, keeping in mind those which have the property that r = q — 1 . Then, 
to generate all solutions with q > p, we need only add a fixed multiple of p to 
both q and r for each such solution found with q < p. 

Now we assume that q < p. Since 1 < r < p and r = ±1 mod q, the 
candidates for r are jq ± 1 where j > and jq ± 1 < p. 
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Subcase i q < p/2. 

Since q = q, and r = jq ± 1 as above, we have that either jq ± 1 = sq or 
jq ±1 = p — sq for some integer 1 < s < p/q. 

The first equation implies that q = 1 in which case the knot is a torus knot. 
Note that this solution does not generate any solutions with q > p as in the 
previous lemma. 

The second equation implies that p = ±1 mod q. But then 

r = ±p = ±1 mod q. 

Thus these solutions fall in the overlap between Case 1 and Case 2. In fact, 
they are included in the second type of solution described in the theorem. Thus 
they contribute no new solutions when q < p, but we will need to consider the 
solutions that they generate via the previous lemma. 

We will return to this later. 
Subcase ii q > p/2. 

The only possible values of r = jq ± 1 that lie between 1 and p — 1 are r = 1 , 
q — 1 or q + 1 . The first possibility describes a torus knot, and the solutions with 
q > p obtained from this using the previous lemma are all doubly primitive, so 
we discard them. The other possibilities are 

q ± 1 = p — sq 
and q ± 1 = sq, 

where 1 < s < p/q. Substituting q = p — q yields the following: 

±1 = (p - q)(l - s) 
and ± 1 = sp — (1 + s)q. 

The only solution to the first equation that satisfies q < p and s > is 

K(p,p-l,p-2,l,e). 

The solutions that they generate via the lemma are subsumed by the fourth 
class of knots in the theorem, which we will discuss shortly. 

It is easy to show that the following are all integer solutions to the second 
equation: 

(p,q) = T(l + /(s + l),l + /s), 
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where I E Z. Taking into account that p, q, and s are required to be positive 
(and replacing I by —I in the " — " case), these solutions describe are the knots 

K(ls + l + 6,ls + 8,ls, l,e). 

where £,s > 0, and 5 = ±1. These are exactly the third category of knots 
described in the theorem. The additional restrictions on I and s in the theorem 
ensure that K is not doubly primitive. Note that when I = 6 = 1 , we get exactly 
the solutions described in the previous paragraph. 

The solutions in the third category induce solutions with q > p exactly in the 
case when 5 = 1. These are the solutions in the fourth category in the theorem. 

Thus far we have described every category of knots in the theorem except for 
the fifth, which are obtained by applying the lemma to all those solutions in 
category 2 which satisfy p = ±1 mod q and r = q — 1. □ 

4.2 Locating the Ordinary Fiber 

We already know the homology and the multiplicities of two critical fibers for 
the small Seifert-fibered surgeries arising from the knots in Theorem 4.1. A 
first step towards determining the multiplicity of the third critical fiber is to 
find a curve in the boundary of the relevant handlebody that is disjoint from 
K and becomes an ordinary fiber once a 2-handle is attached along K . 

In fact, the only information that we will need to extract from this curve is its 
homology class in the complementary handlebody. 

We assume in this subsection that K = K(p, q, r, 1, e) is middle-Seifert-fibered 
with respect to H . We will describe explicitly a curve / in the boundary of H 
that is disjoint from K and is isotopic to an ordinary fiber in 

W = H U K 2-handle. 

Notation Write q = q + "yp where — p/2 < q < p/2 and 7 > 0. Let q = \q\. 
We may write r = f + f3p where < f < p and (3 > . 

The curve / that we describe will be somewhat different depending on whether 
or not q < and whether r = aq or r = p — aq where 1 < a < p/q. This 
gives four natural cases. First we calculate the homotopy class in n\{W) of 
an ordinary fiber. Then we describe the curve / explicitly for one example 
in each case. Since the dynamics of the curve on the genus two surface are 
specified by which of the four cases we are in, one example essentially describes 
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the general case. It is then a simple matter to calculate the homology class that 
/ represents in H' with respect to our usual basis. 

When f = p — aq, then w = Vq^ p - a q((x l3 y) a , x@ +1 y) and the ordinary fiber is 
(x^y) a in iri(W), where the generators are induced from those for H . When 
f = aq then we need only interchange the roles of (3 and (3 + 1 in both expres- 
sions. 




Figure 9: The ordinary fiber 



Now we consider the portion of the ordinary fiber than lies in the boundary 
of the handle which contains the tangle T(p, q) r (from the definition of the 
twisted torus knot). The thick black curve in Figure 9 illustrates the portion of 
the ordinary fiber curve that lies in this part of dH , for each of the four cases. 
Note that the long, thin gray disk in each case represents the attaching disk 
D r , after performing the isotopy from Figure 7. The blank annulus in each 
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picture represents a (p, q) torus braid. The light curve is the twisted torus knot 
K(p,q,r, l,e). 



The four representative cases in Figure 9 are arranged so as to correspond with 
Table 2. In the top two cases in Figure 9, r = 10, while r = 11 in the bottom 
two. Each picture has p = 7. The left two pictures have q = 2 while the right 
two have q = — 2. The top two pictures satisfy f = p — 2q, while the bottom 
two have f = 2q. 

Now we must describe the behavior of the ordinary fiber curve (the thick dark 
curve) when it goes over the other handle (which is depicted in Figure 10 and 
contains the tangle rT(l, e) ). There are two ways that the ordinary fiber crosses 
the handle in Figure 10; we describe them below. Since the attaching disk D r 
for the handle is the gray, snake-like disk in Figure 9, we refer to it as the snake. 
Note that the attaching disk D r appears in Figure 10 as the gray rectangular 
base of the handle. In each of the four pictures in Figure 9, most ordinary 
fiber seems to cross the snake via a short arc. In this case, the ordinary fiber 
crosses the handle as does each of the three parallel arcs in the Figure 10. 
The direction of the twisting depends on e, as usual. When the ordinary fiber 
appears in Figure 9 to cross the "snake" the long way (entering at the head, 
and exiting at the tail), it crosses the handle in an untwisted manner as does 
the thick black arc that in Figure 10. Note that the ordinary fiber is disjoint 
from K in every case. This completely describes the ordinary fiber. 

To verify that each curve is indeed an ordinary fiber, one may check that each 
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q>0 


q<0 


r = p — aq 


(ea/3- l,aj + + 


{ea(3 + l,a7-/3-l) 


f = aq 


(ea((3 + 1) + 1,07 - P) 


(ea((3 + l) - l,ar/ + P) 



Table 2: The value of [/] in H^H') 



curve represents the desired element (already described) in the fundamental 
group of W . Since these Seifert manifolds (base D 2 , 2 critical fibers) have 
incompressible boundary, the curve must be an ordinary fiber in W. One 
can then easily calculate the homology class of the ordinary fiber curve in the 
complementary handlebody H'; the results are shown in Table 2. 

4.3 Determining the Multiplicity of the Third Critical Fiber 

Having located a curve in dH — N(K) that becomes an ordinary fiber in 

W = H U K 2-handle 

we now calculate the multiplicity of the third critical fiber in the small Seifert- 
fibered space arising from Dehn surgery on the knots in Theorem 4.1. 

Since K is Seifert-fibered with respect to H , W = (HUk 2-handle) is a Seifert- 
fibered space over the disk with two critical fibers. Since K is also primitive 
with respect to H' , we know that W ~ D 2 x S 1 is the other piece of the 
manifold obtained by Dehn surgery at the surface slope 7 (recall Lemma 2.1). 
Let / be a curve in dW that is an ordinary fiber of W. If non-zero, the 
intersection number in W 1 of the inclusion of / and a meridian disk for W' is the 
multiplicity of the third critical fiber of the Dehn surgery manifold M(K, 7) . 
If this intersection number equals zero then the manifold is a connected sum of 
lens spaces, as observed earlier. Our goal, then, is to calculate this intersection 
number. 

Now let / be a curve in dH — N(K) that becomes an ordinary fiber under 
inclusion in W . Since K is primitive, we may choose a disk system (Ai, A2) for 
H' and a curve c in dH' such that \d&iC\K\ = 1, |3A 2 nc| = 1, <9A 2 nK = 0, 
and dAiDc = 0. Then A 2 will become a meridian disk in W' , and the algebraic 
intersection number in H' of / and A 2 will equal their algebraic intersection 
number after inclusion in W' . 

Thus to calculate the multiplicity of the third critical fiber, we need only calcu- 
late the algebraic intersection number in H' of / and A 2 . Write [/] = (/1, / 2 ), 
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[K] = (k\, k 2 ) , and [c] = (c±, C2) with respect to the usual basis for Hi(H') (i.e. 
the basis arising from D[ and D' 2 in Section 3.2). [K] and [c] also form a basis 
for Hi(H') , so we may write [/] = s[K] +t[c] for some integers s and t. Clearly 
the algebraic intersection number of / and A 2 equals t, so we must calculate 
the second coordinate of [/] when expressed in the [K], [c] basis. Since [K] and 
[c] form a basis for Z © Z, we may assume that k\C 2 — k 2 c\ = 1- The matrix 
which changes basis from the usual one to the [K] , [c] basis is 

C2 ~c\ 
-k 2 k\ 

Now we apply this change of basis to (/i,/2) and observe that the second 
coordinate is —k 2 fi + k\j 2 . In summary, we have the following convenient 
expression for the third multiplicity: 



^3 



fi 



k 2 
h 



In the last subsection we calculated [/] = / 2 ) for any middle Seifert-fibered 
twisted torus knot. It is easy to see that [K(p, q, r, 1, e)] = (er,q) with respect 
to the usual basis for Hi(H'). Thus, we have all the necessary ingredients to 
calculate ^3 for each of the primitive/Seifert-fibered knots described in Theorem 
4.1. The results of this calculation are given below. 



Theorem 4.3 The following are the multiplicities (/xi,//2, A*3)of the small 
Seifert-fibered manifolds arising from Dehn surgery at the surface framing for 
each of the knots in Theorem 4.1 of this section. 





(m, to) 


1 


(2,2q-p,p+(e-2)q) 


2 


(k,p-kq,p- (k-e)q) 


3 


(m,l + S,m(l - e5) + 5) 


4 


(m, I + 1, (-/ + n(lm + I + 1))(1 + en - e) + em(nl - I - n)) 


5 


(m - 1, 1 - 1, (m + n(lm - l))(en + 1 + e) - e(ln + 1)) 



5 The ubiquity of SSFS surgeries 



Now we focus on the knots of the second type in Theorem 4.1 (i.e. K(p, q,p — 
kq, 1,±1)). Using these knots, we will show that, for any triple of integers 
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(^1,^2,^3) with (111,(12) = 1, there is a non-torus knot with a SSFS surgery 
realizing those multiplicities. As noted earlier, many of these knots are known to 
be hyperbolic, and we expect that all knots discussed in this section are hyper- 
bolic. Note that, for homological reasons, only SSF spaces with gcd( / ui, (12, ^3) 
= 1 can be realized by surgery on a knot. 

The multiplicities of the critical fibers of a small Seifert-fibered space do not de- 
termine its homeomorphism class. However, the determination of which triples 
of multiplicities are realized does provide a rough measure of which SSF mani- 
folds arise via Dehn surgery on knots. 

5.1 The knots K(p, q,p — kq, 1, 1) 

Here we study those knots in Theorem 4.1 with positive twisting. While the 
results in this section are not used to prove the ubiquity theorem mentioned 
above, they illuminate some features of an interesting class of twisted torus 
knots. First we show that the knots K(p, q,p — kq, 1,1) as in Theorem 4.1 are 
not torus knots. To prove this, we use Lemma 5.1, whose proof is somewhat 
surprising. Lastly, we specify exactly which triples of multiplicities arise by 
Dehn surgery at the surface slope (namely pq + (p — kq) 2 ) for these knots. As 
mentioned above, we conjecture that all of the knots K(p,q,p — kq, 1,1) in 
Theorem 4.1 are, in fact, hyperbolic. 

First we show that the knots are non-torus. If m/1 surgery on an (a, b) torus 
yields a small Seifert manifold, then the multiplicities are (a, b, \ab — m\) [21]. 
Thus, if a knot has an integral small Seifert-fibered Dehn surgery for which the 
sum or difference of the slope and the product of any two coprime multiplicities 
does not equal the remaining multiplicity (up to sign), then the knot is non- 
torus. 

Both torus knots and the knots K(p, q,p — kq, 1, 1) are closed positive braids; 
thus they are fibered, and their fiber genus is easily calculated ([23]). In partic- 
ular, for a knot which is presented as a closed positive braid, —x(F) = c — s, 
where F is the fiber surface, c is the number of crossings, and s is the number 
of strands of the braid. We will use this together with the first idea to show 
that the aforementioned knots are non-torus. 

Lemma 5.1 Let k be a fibered knot with fiber surface F . Suppose that n has 
an integral SSF surgery with slope m/1 and multiplicities ((i\, (12, (iz) ■ Then 

\m\ - m - (i 2 - (13 + x(F) > 

implies that k is not a torus knot. 
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Proof Note that for each i , > . For convenience, assume m > . If m < 
then we apply the following argument to — m surgery on the mirror image of 
K . 

If k were a torus knot, then by the observation above it must be a (/x^, ±/Xi 2 ) 
torus knot satisfying 

Hi 3 = ±m±m 1 Hi 2 (1) 

for some cyclic permutation 12,13) of (1, 2, 3) . Also, a (/x^ , ±/Xj 2 ) torus knot 
has a fiber surface F satisfying 

-X(-F) = ttitt 2 - - Mi 2 - ( 2 ) 

To show that k is not a torus knot it is enough to show that equations 1 and 
2 have no simultaneous solution for any choice of (11,12,13)- On the surface, it 
appears that the choice of signs and cyclic permutations might require consid- 
eration of twelve such systems of equations. 

Fix (11,12,^3)- Because fj,i, ^2, ^3, and m are all positive, m — > 
implies that equation 1 above has no solution for any choice of ± signs. Thus, 
it is enough to show that 

m - UnVii ~ Viz > 

for each choice of (^1,^2,^3)- 
We rewrite equation 2 as 

- - Mi 2 + X( F ) = 
and add it to the desired inequality, obtaining 

m - fj, h - fi i2 - n i3 + x(F) > 0. 

Notice that, surprisingly, this inequality is symmetric in %i, 12, and 13. This 
symmetry implies that one inequality suffices to show that k is not a torus 
knot. □ 

Theorem 5.2 The twisted torus knots K(p, q,p — kq, 1, 1) with 1 < k < p/q 
and 1 < q < p/2 are not torus knots. 

Proof Using the positive braid picture of the knots K(p,q,p — kq, 1,1), we 
find that 

~X( F ) = pq - p - q + (p - kq)(p - kq - 1), 
where F is the fiber surface for K . 
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By earlier calculations, we have that (^i, /X2, /X3) = (k,p — kq,p — kq + q) and 
m = pq + (p — kq) 2 . Note that m > 0. Hence, 

m - 111 - H2 ~ M3 + x(F) = Hi ~ !)■ 

Since fc > 1 and g > 1 this quantity is positive, so the lemma implies that K 
can not be a torus knot. □ 

Remarks Lemma 5.1 can be more powerful than using equation 1 or equation 
2 separately. In particular, the slope criterion and the genus criterion each fail 
individually for some of the knots in Theorem 5.2. 

For example, K(25, 2, 5, 1, 1) has a slope 75/1 SSF Dehn surgery with multi- 
plicities (10,5,7). The (10,7) torus knot also has a slope 75/1 surgery with 
these multiplicities. 

An example of the second type is K(33, 2,5,1,1), which has a SSF Dehn surgery 
with multiplicities (14, 5, 7) and has fiber genus 51 . The (14, 5) torus knot also 
has fiber genus 51 and a (14, 5, 7) SSF Dehn surgery. 

Now we describe exactly which triples of multiplicities arise from pq+ (p — kq) 2 
surgery on K(p,q,p — kq, 1,1). 

Theorem 5.3 The triples of multiplicities of the SSF manifolds obtained by 
pq+(p — kq) 2 surgery on K(p, q,p — kq, 1, 1) are exactly those (fi±, ri2, ^3) with 
{m,H2) = 1 and l/xi -/x 2 | > 1. 

Proof First we show that all such triples arise. We may assume that ii\ > \ii- 
The following equations describe knots K(p,q,p — kq, 1,1) which realize the 
desired multiplicities: 

q = Hi- H2 
k = fi 3 

Since it is easy to verify that (p, q) = 1 and q and k are in the required range, 
we conclude that K(p,q,p — kq, 1, 1) is indeed a knot of the second type in 
Theorem 4.1. Using the table in Theorem 4.3, one can verify directly that the 
multiplicities are as desired. 

Now we show that no other triples arise. By Theorem 4.3, two of the multiplic- 
ities are p — kq + q and p — kq. These integers are coprime (since p and q are 
coprime) and differ by q, which is greater than 1. □ 
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5.2 The knots K(p, q,p — kq, 1, — 1) 

In this section we focus on the knots K(p, q,p — kq, 1, — 1) , i.e. the second type 
in Theorem 4.1 with negative twisting. We use these to prove the following 
theorem. As mentioned earlier, we expect that these knots are all hyperbolic, 
and many are known to be hyperbolic. 

Theorem 5.4 For any triple of multiplicities (fi±, [12, /U3) with (fj,i,fi 2 ) = 1, 
there is a non-torus knot with a small Seifert-hbered Dehn surgery with the 
prescribed multiplicities. 

Proof The first step in the proof is almost the same as for Theorem 5.3. Let 
( / u 1 ,^ 2 )A i 3) be a triple of (positive) integers as above. Set 

q = m + fi 2 
k = Hz 

Then it is easy to verify that the knot K(p, q,p — kq, 1, —1) is indeed a knot of 
the second type in Theorem 4.1. By Theorem 4.3, pq — (p — kq) 2 surgery yields 
a (/xi,/i 2 ,M3) SSFS. 

Now we show that each of these knots is non-torus. The surgery slope m is 
equal to fiz{pii + H2) 2 + • It is very easy to check that m — > fii 3 for 

each cyclic permutation (11,12,13) of (1, 2, 3) . It follows from the slope criterion 
for torus knot surgeries mentioned earlier that such a SSFS cannot arise from 
integral surgery on a torus knot. 

This implies that the knots constructed above (a subclass of the knots K(p, q, 
p — kq, 1, —1) ) are not torus knots. □ 

The finite tt\ SSF manifolds comprise all known finite- 7Ti 3-manifolds (allowing 
trivial fibers); these manifolds are the well-known spherical space forms. The 
corresponding spherical triples satisfy SLf > 1. Thus, the spherical triples 
(with no trivial fibers) are (2,3,3), (2,3,4), (2,3,5), and (2,2,n). For homo- 
logical reasons, n must be odd for a (2, 2, n) SSFS to arise from surgery on a 
knot. The following Corollary follows immediately from Theorem 5.4. 

Corollary 5.5 There are non-torus knots in S 3 with SSF Dehn surgeries 
realizing all possible spherical triples of multiplicities, i.e. (2,3,3), (2,3,4), 
(2,3,5), and (2,2, n) for odd n. 
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As mentioned in the introduction, Theorem 5.4 has also been obtained by 
Miyazaki and Motegi using the knots in [20]. Moreover, they show that the 
knots they construct are indeed hyperbolic. Many of the spherical triples can 
be realized using the examples mentioned earlier of Eudave-Muhoz, Bleiler and 
Hodgson, and Boyer and Zhang. 

Note Are all triples of multiplicities Q«i,//2,M3) with gcd(/xi, fj,2, ^3) = 1 re- 
alized by Dehn surgery on a hyperbolic knot? Looking at Theorem 5.4, the 
only ones that might be missing are triples with each gcd(/Xj,/ij) ^ 1, but 
gcd(/ii, ri2, ri%) = 1. Such a small Seifert-fibered space could not be realized by 
any surgery on a torus knot. Examples of this type do arise from knots of type 
4 and 5 in Theorem 4.1. For example, choosing 1 = 5, m = 14, n = 2, and 
e = — 1 gives a knot with a (14,6,105) SSFS surgery. Such triples also arise 
from the Eudave-Muhoz examples. 
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